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1. Introduction

M-theory in eleven dimensions [f], f]] unifies all the five perturbative superstring theories
in ten dimensions and it should be reduced to 11-dimensional supergravity theory in its
low energy limit. Supermembrane in eleven dimensions [ is believed to play an important
role to understand the dynamics of M-theory. In fact, it was shown that the wrapped
supermembrane on R x S! leads to the type IIA fundamental strings in the shrinking
limit of S!, or by means of the double dimensional reduction []. On the other hand, type
ITA superstring theory on R? x S! is equivalent via T-duality to the type IIB superstring
theory on R? x S!, where S? is the dual circle whose radius is inversely related to the one
of the S* [f, fll. And the shrinking S! limit of the type IIA superstring theory on R? x S1
leads to the type IIB superstring theory in R!?. Accordingly, M-theory on R? x T2 in the
shrinking volume limit of 72 is reduced to the type IIB superstring theory in R'° [. It was
shown that the type IIB superstring theory contains a bound state of p fundamental strings
and g D1-branes (D-strings), which is called a (p, ¢)-string [§, f]. It was pointed out that the
supermembrane wrapped p times around a compactified direction and g times around the
other compactified direction of the target-space is reduced to a (p, ¢)-string [§]. Recently,



type IIB (p, ¢)-string action was deduced directly from the wrapped supermembrane action
on RY x T? adopting the double dimensional reduction and T-duality [[[(], in which the
reduced supermembrane is coupled to both the RR and NSNS 2-forms and it has the correct
tension of (p, q)-string.

Supermembrane theory is self-interacting and it has continuous energy spectrum [[[T].
This implies that it is inherently multi-body and has no coupling constant. Thus we cannot
directly adopt the ordinary canonical quantization procedure to the supermembrane the-
ory. In order to handle the supermembrane the matrix regularization was introduced as a
“quantization” procedure of the supermembrane [19, [[J]. Matrix theory [[L4] is described by
N x N matrices which can be thought of as the spatial component of 10-dimensional super
Yang-Mills fields after reducing to 140 dimension. This supersymmetric quantum mechan-
ical system is interpreted as the low energy effective theory of DO-branes (D-particles). And
it was conjectured that the N — oo limit of the system captures all the degrees of freedom

of M-theory in the infinite momentum frame.

Matrix theory compactified on S* leads to matrix string theory [[§—[[7] through the
T-duality prescription [I§]. And hence matrix string theory can be thought of as (1+1)-
dimensional super Yang-Mills theory describing the low energy effective theory of D-strings.
It is also conjectured to give a non-perturbative definition of the type ITA superstring
theory. Similarly, the matrix regularization of wrapped supermembrane on R? x S! leads to
matrix string theory [[§—RJ]. Furthermore, the matrix regularization procedure of wrapped
supermembrane on R? x T2 was introduced B and it was shown that the regularized theory
is T-dual to (2+41)-dimensional super Yang-Mills theory [2J which is low energy effective
theory of D2-branes.

The purpose of this paper is to deduce matrix (p, q)-strings directly from a matrix-
regularized lightcone supermembrane compactified on a 2-torus referring to the analysis in
ref. [[[(]. In addition, following the lines of [R7], we will obtain the (2+1)-dimensional super
Yang-Mills theory in a curved background from the matrix regularized wrapped superme-
mbrane and we examine the duality in the dimensionally reduced type II string. We should
note that the curved background fields are not mapped to matrix-valued background fields,
or they are proportional to the unit matrix in the matrix regularization. The background
plays the role of probing the membrane or (p, ¢)-string. That is, we shall see that both the
NSNS and RR 2-forms are coupled to the matrix regularized (p, ¢)-string.

The plan of this paper is as follows. In section f] we mainly review the matrix regu-
larization of the lightcone wrapped supermembrane on R? x T2 [RJ] to fix the notations,
which are used in the following sections. In section ] we will consider a lightcone wrapped
supermembrane compactified on a 2-torus in a curved background and apply matrix reg-
ularization technique to it. Then we adopt the double dimensional reduction technique
and derive the Green-Schwarz (p, q)-string. In section f] we also start with the wrapped
supermembrane. Then we apply the matrix regularization technique with a suitable choice
of the matrix representation to give a standard form of super Yang-Mills action in a curved
background and we consider the SL(2,R) transformation and type IIB string duality. The
section [ is devoted to summary and discussion.



2. Matrix-regularized wrapped supermembrane in flat background

The 11-dimensional supermembrane in the lightcone gauge' is given by (only bosonic de-

grees of freedom are presented here)

T e [T aotao? [, x00 - L x xV2
S = dr do'do” | (D X™) {XM, X7}, (2.1)
2 0 2L2
D.xM = 9. xM — %{A,XM 1 (2.2)
{A,B} = €90,:A0,;B, (2.3)

where 0, = 0/01, 0, = 0/9d%, i,j = 1,2, €2 = —e?! = 1,e!! = 22 =0, M|N =
1,2,---,9, XM is the target-space coordinates and A is the gauge field, T is the tension of
the supermembrane and L is an arbitrary parameter of mass dimension —1.? This theory
has the area preserving diffeomorphisms (APD) of the spacesheet as a residual symmetry.
Note that L can be changed for L' by a simple rescaling of 7 — (L/L') 7.

Let us consider the wrapped supermembrane on RY x T? taking X® and X? as the
coordinates of the two cycles of the 72. Then the target-space coordinates XM and the
gauge A are expanded as®

oo
X0t 0%) = wilio + 3T Vi, €M7 Lo + V(o) 0%), (24)

k1 ka=—o00

[e.e]
X8(ct,0?) = wyLyo! + Z Y(?ﬁ,kz) o +ikao® = ) Lot + Y%(ot,0?), (2.5)

k1,ka=—0o0
oo
Xm(O'l,O'Q) _ Z X(Tlrﬁlhkg) 6ik10'1+ik20'2’ (26)
k1,ka=—0o0
oo
A(Jl’ 02) = Z A(k1,k2) eik101+z’k202, (27)
k1,ka=—00
where m = 1,2,---,7, L1 and Ly are the radii of the two cycles of T2 and wy,ws (# 0) are

integers. These fields satisfy the periodicity conditions,

X%ot, 0% 4 21) = 2rw Ly + X%(ot, 0?), (2.8)
X80t 0% +21) = X8(0!,0?%), (2.9)
X%o! 4 27,0%) = X%(0',0%), (2.10)
X8(o! 4 21, 0%) = 2nwy Ly + X3(0!, 0%), (2.11)
X"t + 27, 0%) = X" (o}, 0% + 27) = X" (o, 0?), (2.12)

A(o! +27,0%) = A(oh, 0% + 21) = A0}, 0%) (2.13)

'In this paper, we consider only toroidal membranes. Precisely speaking, in this case, we need to impose
the global constraints associated with the information of the global topology [@]

2The mass dimensions of the world-volume parameters, 7,0 and o2, are 0.

3The 7-dependence is not written explicitly for all the variables.



These represent the supermembrane wrapping wi-times around one of the two compact
directions XY and ws-times around the other direction X8. We call these two cycles (0, 1)-
and (1,0)-cycles, respectively. Plugging eqs. (R.4)-(.7) into the covariant derivatives and
the Poisson brackets, we have

L 1
Foyi=D,X°=0,Y! - ““L A= {AY), (2.14)
L 1
Fopo = D, X3 =0,V + w2L 202 A= T{A Y}, (2.15)
- 1 8 9 _ UJ1U}2L1L2 w1L1 9
Fppe = 7 {X% X7} = == Y
L 1
+ w2L 207" + (YY), (2.16)
1
D X™ = 0. X" — = { A, X"}, (2.17)
1 L 1
D XM = Z{X9,Xm}:_”“L 1801X’”+E{Y1,X’”}, (2.18)
1 L 1
DypeX™= = {x8,xm)y =222 5 . xm 4 Z (Y2 X™), (2.19)
L L L
Thus, the action (R.1) is rewritten by
LT 2
/ dr / do'do? [Ffal +F2,—FA,,
+(D;X™? = (D1 X™)? — (D2 X™)% — 2L2{Xm Xm)? (2.20)

2.1 The matrix representation

Here we shall consider the matrix regularization of the wrapped supermembrane on R? x T2,
egs. (B.1)-(R.7). The procedure for the matrix regularization is the following [RJ]: (i) Intro-
duce the noncommutativity on the spacesheet of supermembrane, or replace the product of
functions on the spacesheet to the star-product. (ii) If possible, find the central elements of
the star-commutator algebra and truncate the generators of the algebra consistently. (iii)
Give a matrix representation of the (truncated) star-commutator algebra.

The star-commutators algebra for the set of generators {10 tih20" 51 52| k) € 7}

is given by *@a @]

[eik101+ikga2’ eik’lal-‘rikéaQ ]* — _9isin <% kazk;) ei(k1+k/1)01+i(k2+ké)a2 7 (221)
. 1., 2 271']{?2 ; 1,44 2
[0,1 ezkla +ikoo ] — ezkla +ikoo (2 22)
) * —N s .
2 k1ol 4iko? 27K1 ik ot yiko?

[0%, e J« = ——¢€"™ 27 (2.23)

N

2T

1 2 .

« = V= . 2.24
(! 0], = i (224)



Since we can not find a central element of the algebra eqs. (R.21)-(R.24), the truncation is
not possible in T2 compactified case. The generators are represented by N x N matrices
with two continuous parameters 0!, 6% [p7],*

ei(u1N+v1)ol+i(u2N+v2)02 N ei(mN+Ul)91/Ne*i(u2N+v2)92/N)\fv1v2/2 vy, (2.25)

02 — —2midy I, (2.26)
91
ol — —2midp2In + I Iy, (2.27)
where X\ = e2™/N i uy € Z, v1,v9 = 0,41, 42, -+ ,+£M,> Iy is the N x N unit matrix
and U,V are the N x N clock and shift matrices, respectively,

1 1
0 0
A 01
. 01
0 AN 10
These have the following properties,
UN=vN=1Iy, VU=)UV. (2.29)

Then, the functions X?, X8 X™ and A of ¢! and 02,9 or eqs. (R-4)—(R.7) are represented
by the N x N matrices

X%ot,0%) = —2miwy L9y In + Y(01,6%), (2.30)
X8(0,02) — —2miws Lodge Iy + 2L S0y + Y (0, 6%), (2.31)
X™(o!,0?) — X™(61,6%), (2.32)

Alot,0%) — A(0',6%), (2.33)

where (Z represents Y1, Y2, X™ and A)

= 01 92 § § ‘—‘(u Ntvr s N-4o )ei(u1N+v1)91/Nefi(ugN+U2)92/N)\7U1v2/2VUQU’U1
1 1,u2 2 N
u1,u2€Z v1,v2=—M

(2.34)
Note that Z(0*,6?) satisfies the boundary condition [2J],

(0" +2m,0%) = VE@L, 02 VT, E(0Y,6%+21) = UZ(6L,6°) U (2.35)

4Note that the parameters 0" are, in principle, independent of the spacesheet coordinates o', o2.
SWe assume N odd, N = 2M + 1 and we have parametrized k; as k; = w; N + v; (i=1,2).
50f course they are also functions of 7. We just do not mention it explicitly.



Furthermore, the Poisson bracket and the double integrals are represented as follows,

N

{-,-}—»—i%[-,-], (2.36)

27 1 27
/ dotdo? x — — / do*de® Tr[]. (2.37)
0 N 0

Thus, from these results with a rescaling 7 — 7/N, the matrix-regularized action of the
wrapped membrane on R? x T2 is given by

2
Soyp = — / dr / dotde? Tr[ Frp1)? 4 (Frp2)* — (Fyrg2)?
1 2
where
L
Fog =0yt - ZLop A+ —[A Y], (2.39)
L
Fop = 0,72 - 22 20 A+ ﬁ[A Y?], (2.40)
wlszlLQ w1L1 ngQ
Fpop = —7— In+— OpY? — DY + ﬁ [YLY?],  (2.41)
D, X™ = 0, X™ + L [A,Xm] , (2.42)
w1L1 1
Dy X™ = XMy — [yl xm 2.4
01 L 8 1 + 27TL [ ] ( 3)
Dpxm = W22y xm 1 y2 xm (2.44)
b L orL '

Note that the fields Y, Y2, X™ and A have mass dimension —1 and the parameters 7, 8%, 62
have mass dimension 0. We also rewrite the action (B.3§) to the standard form of Yang-
Mills theory. In order to adjust the mass dimensions of the fields and the parameters, we
rewrite them by introducing some dimensionful constants,

Y6, 6%) — adi (2!, 2?), (2.45)
Y2(64,6%) — ady(at,a?), (2.46)
Xm0, 6%) — agp™ (2!, 2?), (2.47)
A(0',6%) — aAg(2!,2?), (2.48)
o' — 213, (2.49)

6? — 2%/%, (2.50)

T — 2°/%, (2.51)

where o has mass dimension —2 and X, and ¥ have mass dimension —1. Then, the



action (R.3§) is rewritten by

27r21 2739
SZ-H = 2 21222 /dl‘/ / dz? TI“|: 7'91)2 + (FT92)2 - (F9192)2

4
+ (D, X™)? — (Dp X™)? — (D X™)? + (20‘ o lom ot |, (252)
Fo = Sadod — 200,40 + i [ Ao, Ay (2.53)
01 = 2.00pAq 7 10001 AQ ZQT{'L 0,411 | .
L2 . O£2
Flp2 = Ya0yAs — f Yoadr Ag + Z— [Ao,AQ ], (254)
LiL L L a?
Fpigz = ]\17L2 In + Ll Y101 Ay — f Yool A + Zﬁ [Al,AQ] (255)
2
DX = Saded™ +iz— [Ao, 6], (2.56)
m L1 m . 042 m
D X™ = — 51001¢™ +ig_— [A1,0™], (2.57)
L 2
Dgp X™ = fzzaaﬂiﬁm +Zﬁ[ A, ™ ], (2.58)

where 0y = 9/02° and 9; = 9/02". Here we have put w; = wo = 1 for simplicity. In order
to bring the field strength (R.53)-(R.55) into the standard form, we obtain the following

relations R3] 7
a

Y= — 2.59

5T (2.59)
(0}

Y = 2.60

1 27TL1’ ( )
o

Yo = . 2.61

2 27TL2 ( )

Then, we have obtained the standard form of a bosonic part of (241)-dimensional maxi-
mally supersymmetric U(/N) Yang-Mills theory with the constant magnetic flux,

1 2 1 ame 2 2 2 2
Soi1 = = /dxo/ dm/ dx Tr[(Fm) + (Fo2)” = (Fi2)
0 0

29ym

+(Dog™? — (Di™)? — (Dag™) + [ 67, 6" ] (262)
Fo1 = 0pA1 — 1A +1i[ Ap, A1 ], (2.63)
Foa = 0pAg — 02 Ao + i[ Ao, A2 ], (2.64)
Fio = fiz + 0142 — oAy +i[ Ay, A, (2.65)
Do = 00¢™ + i[ Aq, ™ ], (=0,1,2) (2.66)
with the boundary conditions (= stands for A, and ¢™),
Z(x! + 278, 22) = VE(z!, 22 VT, (2.67)
2(xt, 2% 4 27%9) = UE(at, 22)UT, (2.68)

"Egs. () and () represent the T-duality which relates the radii (L1, L2) of the 2-torus in M-theory
and the those (X1,X2) of the dual 2-torus in the super Yang-Mills theory. We should stress that we have
obtained the same relations from the different viewpoint .



where the constant magnetic flux fi5 is given by

fi2 = m Iy, (2.69)
and gyps is the gauge coupling constant of mass dimension one half, which is given by
g = (2m) 7 A(S1%0) V2 (L L) 32 T (2.70)
We also define the dimensionless gauge coupling constant gyas by
2 _ 2 1/2 _ -1 —3/2 =1 _ 277[‘(151
Gy = gyn (2m3812m%02) 7 = (2m) " (LyLo) 2T = A (2.71)

where [11 is the 11-dimensional Planck length related to T by T~ = (27)23,. This dimen-
sionless gauge coupling constant exactly agrees with that obtained in ref. [Rf] including the
numerical constant.® Note that in refs. [R] the super Yang-Mills theory was regarded as
the low energy effective theory of D-branes in deriving such a relation, while we have taken
a different approach of matrix regularization of supermembrane in this section. Further-
more, the constant magnetic flux fi2 in eq. (2.65) agrees with that obtained in refs. [H,
including the numerical constant.

2.2 The general matrix representation

We have adopted a simple representation (R.2§)-(R.27) for the star-commutator alge-
bra (R.21)-(B.24) to bring the wrapped supermembrane action to the standard form of
super Yang-Mills theory in eqgs. (.62)-(R.66). However, we could adopt more general rep-
resentation of the algebra

pik1ot +ikao® kT 07 /N y —v1v2/2 yrv2 o1 (2.72)
o — CiagiIN + diQiIN, (2.73)
ol = eiagz'IN + fiHiIN . (2'74)

In fact, we can easily check that this is also a representation of the star-commutator algebra
with following constraints

ik T ¢! = —2mks, (2.75)
ik T & = 2mky (2.76)
. . 274

e’di - lei = %2 s (2.77)

where the matrix Tij is given by

. 2m —e? el
T = (cle? — c2el) <—02 cl) ' (2.78)

Note that in such general representation the resultant action is not always in the standard
form of the super Yang-Mills action. In section | we shall consider the supermembrane
wrapped around the general two-cycles of T2. Then we shall use this general representation
to bring the wrapped supermembrane action into the standard super Yang-Mills action.

8Note that the parameters 31,39 and Li, L in ref. [E] represent the circumferences but not the radii.



3. Wrapped supermembrane in curved background

In this section we consider the supermembrane wrapped around nontrivial two cycles of T2
and apply matrix regularization procedure to it. Then we perform the double dimensional

reduction and derive the matrix (p, ¢)-strings.

3.1 Setup

The bosonic part of the lightcone supermembrane in 11-dimensional curved background
is given in ref. [27, B§). It was conjectured in ref. P9 to identify a lightcone component
of the background 3-form A_,;n with the noncommutative parameter of the 2-torus. We
need more study on this issue, however, since our goal in this section is to deduce the
Green-Schwarz (p, q)-string action from the matrix-regularized wrapped supermembrane by
the double dimensional reduction, we shall put the background fields along the lightcone
directions zero. Then the action in ref. [R7] is reduced to contain only fields with the

transverse indices,
LT
S = /dT/ dotdo? [ (D, XxM)?

1
EDTXMAMNP{XN,XP }] , (3.1)

_?{ XM, XN }2 +
where Ay/np is the 3-form field, XM is target-space coordinates and the transverse indices
M,N,P=1,2,---,9 are contracted by the target-space metric Gpsn. Considering the line
element on a 2-torus

ds2., — U JVYU _ (G89)2 8\2 94 Gso 8
Sp2 = Gup dX"dX? = | Ggg — ———— (dX ) + Gog | dX —dX , (3.2)
Gog (;99
where u,v = 8,9, we shall choose the target-space coordinates satisfying the following
boundary conditions [[[]

VGoo X2 (0!, 0% + 27) = 27nwi Lip 4+ /Gog X° (01, 62), (3.3)
Gss — (Gw)® X3(o', 0% + 27) = 2rwi Lag + | Gss — (Gso)® X80, 0%), (3.4)
Gog Gog
v/ Gog )(9(0'1 + 27‘(‘,0’2) = 2rwoLqr + v/ Gyg x? 0'1,0'2) , (3.5)
Ggg — (GSQ) XS( + 27,0 ) = 2mwolos + (| Ggg — (GSQ) XS( 2). (36)
Gog Gog
or
X%t 0%) = Ry (wipo? + wyra') + (o, 0?), (3.7
X8(ot,0%) = Ry (w1qo® + wesol) + Y (ol,0?%), (3.8)
where?

pr+qgs=0, ps—qr=n.>0, (p,qrsecZ, w €N\{0}, we € Z\{0}) (3.9)

We may assume n. > 0 and w; > 0 without loss of generality since we can flip the signs of (p,q) —
(=p,—q) (for w1) and (r,s) — (—r,—s) (for n.) if necessary. Furthermore, we may see that eq. (E) leads

to (r,s) =n(—q,p) (n € N).



le
an L. Ly

. Ry=— 2 (3.10)
2

VGog | Ggs — (%359)

Y? (i = 1,2) and the other fields in egs. (R.6) and (R.7) satisfy the periodic boundary

conditions, Y (o' + 27, 02) = Y(o!, 02 + 27) = Y!(0',0?), etc.. The above expressions

represent that the supermembrane is wrapping wp-times around one of the two compact

Ry

directions (X”) and w1g-times around the other direction (X®), or w;-times around (p, q)-
cycle along the o?-direction on the worldsheet. And also it is wrapping wa-times around
(r,s)-cycle along the o!-direction. These two cycles are orthogonal to each other and
intersect at least once. Thus, this wrapped supermembrane is expected to give the (p, q)-
string [B, [[0]. In fact, we shall see below that the (p, ¢)-string comes out through the double

dimensional reduction.

3.2 Matrix regularization and double dimensional reduction

We shall follow the matrix regularization procedure presented in section f| [P3] and then
consider the double dimensional reduction [ with the matrices. One comment is in order:
In this paper we do not consider the matrix regularization of the background fields, which
play the role of probing the membrane X and hence the background fields Gy and
Apnp are proportional to the unit matrix in the matrix regularized action. The double
dimensional reduction is carried out along the (p,¢)-cycle [I{], however, we should be
careful to really deduce the (p,q)-string. First we should notice the followings. Once we
intend to deduce type IIB superstring we shall consider the shrinking volume limit of the
2-torus keeping the ratio of the radii finite,

Ly

Ly
and the ratio is the type IIB coupling constant []. On the other hand, by using the

=0p: finite. (Ll, L2 — O) (311)

relations between the 11-dimensional supergravity and 9-dimensional type IIB background

fields in eqs. (B.19)—(B.20) [B, Bl we have

(Gs9)?
6788_7% — 6_80 — i = é (312)
Gog o L’

where ¢ is a background of the type IIB dilaton. Thus eq. (B.19) leads to
R1 = R2 = RB . (3.13)
Then we set (B.13) hereafter in this section.'!

Next we determine the spacetime directions to align with the worldvolume coordinate,
or we fix the gauge. We define XY and X? by an SO(2) rotation of the target-space [L(]

X* X?
(Xy> = O <X8> ) (3.14)

10We shall see Ry = L1 e 2?/? from eq. (@) and hence M/ITA-relation, or 11d/ITA-SUGRA-relation,
leads to R1 = £11 (11-dimensional Planck length).

"We do not set eq. () in section E

,10,



where
P
q

1 (pyq
(0] = — =
(p,9) Coq <—q p) (_

Then X?- and XY-directions are given by

) € S0(2), ¢pg=VP>P+4>. (3.15)

D

X7 = wicpgRpo* +pY +GY* =Cro* + Y7, (3.16)
R

x¥ = 2Bl Gyl 4 pY2=Chol + Y, (3.17)
Cpq

and they are aligned with (p, ¢)- and (r, s)-cycles, respectively. The transverse metric and
3-form are transformed as

. oxXM oxN oxM oxN ox”
Cuv =Gy Gy gxv -+ Avvw = Aune oo v pxw s (B18)
where U, V,W =1,2,--- ,7,y, 2. We shall parametrize Gy as (cf. eq. (B1))
1~ LA A ~ LA A A
) \/?w 9mn + G’_NG G \/é_ Imy + G- szGyz sz
Guy = \/%: gyn + éLzszszz \/é—w gyy + (;vlzz Gyszz Gyz : (3-19)
éuz C?yz ézz

Here we shall introduce a noncommutativity on spacesheet (2.21))-([R.24) and give a
matrix representation as is given in egs. (P-25)-(R.27), (£-3) and (P:37). The double

dimensional reduction on the matrices is carried out by imposing the following conditions
on the oscillators (= stands for X™,YY and A) and background fields,

Y? =0, 0p2=0, (3.20)

and
0p2Guy = 02 Ayyw = 0. (3.21)

Then the oscillators are reduced to the diagonal matrices

- Y

u1€EZvi=—M

1

(w1 N+v1,0) ei(u1N+U1)61/N U 7 (3.22)

and the commutators between them automatically vanish. Under the double dimensional
reduction, the non-zero components in the action come from the followings,

D, X* = —ﬁ O A, (3.23)
D. XY = 8TY, (3.24)
D, X™ = 9, X™, (3.25)
Cy
z yy] — 21
27TL[X XV] oY, (3.26)
—1 &
— [ X% X" = — 0pn X™ 2

— 11 —



where Y =YY + (Cy0'/N)Iy. Then the action (B.1) is rewritten by
27TL o mn_, GmaGhns
s==L / / do" Tr[( Gmn_ >80Xm60X"

vV Gzz Gzz

+2< Jym_ | GmfGyz>30Xm80Y

V Gzz Gzz

_2C - Ci\? -
it (szaoxmalA v GyzaoyalA) + Gy (B0Y)? + (f) G..(8,A)?

Cl ~ ~ ~ m ~ m n
— (f) \/ G <gyy(31Y)2 + 2gmy81X NY 4 Gt XM X >
2
+ fl (Apmz00 X" 01 X™ 4 Appye®d Yame)] (3.28)

where a,b = 0,1 and we adopt the notation of (9y,01) = (0-, 1) only in section fJ. Then,
solving the field equation of A and rescaling 7 — 7L/(C1\/G..) we obtain the double
dimensionally reduced action

2
g = 2T / / do ClTr[ D (G 0a X" 0y X™ + 2y 0a XY + Gy 0aY DY)

4 2( Az 0- X" X™ 4 Appoy€0,Y 9,X™) | . (3.29)

3.3 (p, q)-string from wrapped supermembrane

In this subsection we derive the (p, ¢)-string action from the reduced supermembrane action
in eq. (B-29). The action has an abelian isometry associated with the other compactified Y -
direction, we can make a dual transformation as is the case with sigma models. Introducing
a variable Y, which is seen to be dual to Y, eq. (B-29) can be rewritten in a classically
equivalent form

T 2w
s == / dr / ot ¢, Tr[ (G 0a X X™ + 2y 0a X" Gy + Gy GaGo)

+2( Ay 0- X" X™ 4 Ay € Ga0py X™) + 26 0,Gy | (3.30)

since the variation w.r.t. Y leads to €?9,G, = 0 or G, = 9,Y and hence eq. (B-29) can be
reproduced.!? On the other hand, assuming that all the fields are independent of G, (or
Y'), the variation w.r.t. G, leads to

1 ~
Ga = g_{nabed)acy - gmyaaXm - Amzy(alenOa - aOanal)} ) (331)
vy

12We assume that the background fields are independent of Y in eq. ()
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and hence we have

0T 2m myny — AmzyAnz
5= / / 6 clTrKgmn—g y9ny - y y>nabaaxmabxn
yy

A . o
+ 22 paby X™MOY + ~— n®9,Y 8,Y
Gyy yy
- A G i -
+ (Amm +2 M) €9 XM X" + 2 ‘({ﬂeabaayabxm] ) (3.32)
Gyy Gyy
Now that we consider T-dual for the background fields in eq. (B.29) (or eq. (B.32)).
Since we regard X° (not X?) as the 11th direction, we should take T-dual along the X8-
direction to transform type IIA superstring theory to type IIB superstring theory. Then
we can rewrite the background fields in terms of those of the type IIB supergravity as

follows [B0, BI] (cf. appendix [B),

. B
Gmy = ;TZ (3.33)
Gyy = | (3.34)
gyy ]88\/(]54'9%)2 —1—6*2@(}2 ’ .
~ S _ BPD) gra)
9mn = \/(p + ql)2 + 672@(]2 (]mn _ JomJsn + 8m _&n > s (335)
]88 J88
Amnz = V(b + Q)% + e 292 <B<pq> - Bg’{,‘;’yn]g), (3.36)
Amyz = _% - \/(ﬁ + él)Q + 6_25"(] gyy]Sm ) (3.37)

where Bg]) and B%) are the NSNS and RR second-rank antisymmetric tensors, respectively,
71 are the metric in type IIB supergravity, | = Ggg/Ggg = Ag and

550 + 4B
B - PP L (3.38)
= Jorar e

where I,J =1,2,---,8. Then, plugging these equations into eq. (-39) we have

2T
T / /d0101 B+ Q)2 + e 2942

x Tr [nabaax 0 X731y + €0, X0, X7 B}{’,ﬂ , (3.39)

where we have defined X! = (xXm, }7) Once we regard X? as the 11th direction, the type
ITA string tension Ty is given by 27 L1T/v/Gog [§ since the 11-dimensional metric Gy is
converted to the type ITA metric g7y by the relation Gry = g75/v/Gog. Also, if we assume
that | and ¢ are constant and hence e¥ = g3, we have

21TCL (P4 G1)2 + 2262 = wi T/ (p + ql)? + e 22¢2 = 0 Ty, (3.40)

where T}, is the tension of a (p, ¢)-string in type IIB superstring theory [H{. In particular,
we see that both of the NSNS and RR antisymmetric tensors couple to X' in eq. (B.39),

,13,



which implies that the reduced action (B.39) is, in fact, that of the (p, ¢)-strings. Note that
w1 is just the number of copies of the resulting (p, ¢)-string. If we set ¢ to be zero and hence
take (p,q,7,s) = (1,0,0,1), we have the fundamental strings in type IIB superstring theory.
On the other hand, (p,q,r,s) = (0,1,1,0) leads to the strings which couple minimally with
the RR B-field, i.e., the D-strings.

4. Matrix-regularized action in curved background

In this section we perform the matrix regularization on the wrapped supermembrane in
curved background by adopting a suitable choice of matrix representation. As we mentioned
before, the background fields are to be proportional to the unit matrix in the matrix
regularization here. Then we derive the standard form of (2+1)-dimensional super Yang-
Mills action in the curved background.

4.1 Standard form of super Yang-Mills action

Let us start with the wrapped supermembrane (B.1]) where X?, X8 X™ and A are given by
eqs. (B.7), (B.9), (£.4) and (R.7), respectively. In this section we assume that the background

metric is block-diagonal
Gmn 0
Gun = . 4.1
MN < 0 Guv) (4.1)

We shall perform the matrix regularization. The procedure is the same as before (cf.
subsection P.1]), however, we should be careful in the choice of matrix representation of the
algebra. In this case by using the general matrix representation in eqs. (2.79)-(R.74), we
shall search for the set of parameters which makes the matrix representations of X? and
X8 similar to egs. (£.30) and (R-31)), respectively. In fact, we find that the choice of the

parameters

1 2mis o 2mir 1 2mig o 2mip
c =— , = , e = , e”=— ,
wiNe wW1Ne wonNe wone
wor w1p
dy = ——— do = 0, = —, =0, 4.2
1 N 2 bil N P (4.2)

leads to the matrix representation

%”‘3}22 Ol Iy + Y2(01,0%),

( ) (4.
( ) (4.
X" (ot 0?%) — X™(6,6%), (4.
( ) (4.

Q
\.}—‘
Q
no
!
|
N
3
~.
=
no
<
~
4
+

and the oscillation modes of the N x N matrices are give by (Z (6!, 62) stands for Y'* (91, 6?),
Y2 (0%,6%), X™(0%,62) and A (6,62))

M
5(91’ 02) _ Z Z E(ulN—H)l,ugN-i-vg) eiKlgl/Ne—iKQGQ/N )\—Ul’vg/Q VU2UU1, (47)

u1,u2€Z vy ,v2=—M
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where
K = w1p(u1N + 7)1) — wQT(UQN + Ug) , Ky = —w1Q(U1N + 7)1) + wgs(uQN + Ug) . (4.8)

Then, = satisfies the boundary conditions

2 2
a(el o T ) = VE@L) VT, (4.9)
w1Ne wW1Ne
2 2
5(91 ~ T g2y ”p> = U=(0",6*) U, (4.10)
woN e woNe
or
Z(0 4 27, 0%) = UV B9, 62) (U2 VP (4.11)
2(0',67 + 27r) = UV VW9 E(L, 6?) (U2 Ha)T (4.12)

which express that the supermembrane wraps around (p, ¢)- and (r, s)-cycles. Furthermore,
since we have

. o 4 I7i
[0, 02]. — [c0ys + dib', e 0 + f:0'] = % (4.13)
1 27)2

—/ 0o Tr Iy = — 27 (4.14)
N Jp w1 |wa |n.

where F' is a parallelogram generated by the two vectors, (2ws/(wine), —27r/(win.)) and
(=2mq/(wan.),2mp/(wan,)), the Poisson bracket and the double integral are represented

as

N

{"'}_’_i%["']’ (4.15)

2T . 1 2T
/ dotdo? « — M/ df'de* Tr[ *] (: —/ detde? Tr[*]) . (4.16)
0 N F N Jo

The first two terms of the action (B.1) are given by, with rescaling 7 — 7/N,

LT
SQ+1 = % /dT/ d01d02 Tr |:G99(F7_91)2 +2G89FT91F7_92
F

+ Ggg( 7.92) — V2 (F9192)2 + (DTXm)2 — Ggg(D,ngm)Q

— 2G89G Dot X™ D2 X™ — Gigg (D2 X™)? + [X™ X" ]2] ., (4.17)

2(2wL)?
where
Ry
F.p =0, Y —— 7 O A+ ﬂ [A, V1], (4.18)
RQ
Fgo =0,Y? - = = Opr A + %—L [A,Y?], (4.19)
wi1Wan R1R2 2
Fppe = N—CLIN + — 891Y2 aggyl +57 (YL Y?],  (4.20)
D X™ = 9. X™ + ﬁ [A Xm] (4.21)
DpX™ = L} T 00, X"+ 5~ (vl xm], (4.22)
! 27TL
R2 2
DgX™ = == 05, X™ + Y2 Xm]. 4.23
62 892 27TL [ Y ] ( )
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As before, we rewrite the matrix regularized action by introducing some dimensionful

constants to adjust the mass dimensions of the fields and the parameters,

Y1(0',6%) — aA,(z! 2?), (4.24)
YZ2(0',0%) — aAs(zt,2?), (4.25)
X", 6%) — aqﬁm(x La?), (4.26)
A(0Y,0%) — aAg(2!,2?), (4.27)
o' — z'/3, (4.28)

02 — 2%/%,, (4.29)

T —a%/%. (4.30)

=

where & has mass dimension —2 and 21, 335 and ¥ have mass dimension —1 as in eqs. ()f
(B.51)). Then, in the same way as in subsection R.I], in order to have the standard form of
the super Yang-Mills action, we should set

A &
»= 4.31
2L’ (4.31)

. &
¥ = 4.32
YT 2R, (4.52)

~ &
Yo = . 4.33
2 21 Ry ( )

Thus eqs. (f.17)-(E.23) are reduced to (we put & = a)
Sy = w”w?'”c / dx / dz'dz? /= det Gop Tr[ ~ GG For Figs
gYM

50 Dad" D3 G+ G Gogl ™07 [, 001, (430
Dagbm = a¢m + i[Aaa ¢m] ) (436)

where o, 3,7,0 = 0,1, 2, the worldvolume metric G,g is

. -1 0 0
gaﬁ = (ga,@) s gaﬁ = 0 Ggg Ggog , (4,37)
0 Gsy Gss
the constant magnetic flux f,g is
w1 wWan,
Jor = fo2 =0, f12=ﬁ§1£211v, (4.38)

and the region F in the spacesheet (z!,2?) is a parallelogram spanned by the two vec-
tors (2r351s/(wine), =211 /(wine)) and (—2731q/ (wane), 27 892p/ (wane)). The matrices
satisfy the boundary conditions (Z stands for A, and ¢™)

oS oS

E<x1+ L SR ) 2T> = VE@!, 22) VT, (4.39)
Wine W1Nc
oy oy

E(xl— il G i 2p> = UE(z!, 2?) UT, (4.40)
w2Ne w2Ne
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or

Szt 4 278, 2?) = U VUP E(2t, 22) (U V)t (4.41)
(2!, 22 + 213) = UW2 VW1 E(g!, 22) (Uv2sy@ra)t, (4.42)

(1]

Note that the gauge coupling constant gyjs is the same as in the flat background case in
eq. (B-70). The third term of the action (B.J) is reduced to

w1 |wa|ne

2 / da® / da'dz® /= det Gog Tr[—iDqulfllmn[QSm,gb"]
YM F

+ 2Dg¢™(D1¢™ Apung + Da¢™ Aring) — i(For Amng + Foa Amng)[ 6™, ¢"]
+ BV Fog D™ Amgg] . (4.43)

Sy =

One comment is in order: In this subsection we have derived the matrix regularized action
by using the general matrix representation in egs. (R.74)-(R.74). Of course, the same
matrix regularized action can be obtained when we first transform X? and X® in eqgs. (B.7)
and (B.§) by a GL(2,R) matrix as

9 9 s —rRy N 9
<§8> - <§8> B nic <_QR2/R1 Rp/R ) <§8> (4.44)

and then perform the regularization as in subsection P.1.

4.2 Duality
In this subsection we examine the symmetry of the matrix-regularized action, which is the
sum of Sotq (f34) and Sy ([£43),

Symr = SQ+1 + Sf . (4.45)

If we regard 2’ as the local coordinate of a general two-dimensional manifold assuming
F = R%2or Ri,Ry — 0, Syp is formally invariant under the following two-dimensional
general coordinate transformation GC(2,R),

AmSQ(x) - m89(~) = (det M) Am89(x) ) (4 51)
Amnp(x) — ’Zlmnp(j) = Amnp() (4.52)
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where

; 0!
MY <: M.) € GL(2,R). (4.54)

Note that eq. (.-4§) corresponds to GL(2,R)-transformation on the (target-space) 8-9 plane
in membrane theory.
Let us consider SL(2,R) transformation, which is a subgroup of the GC'(2,R),

Gl(x) =N N GM(A 1), Ay(a) = (AT,

(2

Aj(At2),  ¢™(x) = ¢™(A ), ete.,

where A is a constant matrix of SL(2,R) parametrized by

A= <a Z) € SL(2,R). (4.56)

It was shown that the type IIB superstring SL(2,R) duality (at the classical level) can
be realized as the SL(2,R) target-space rotation of 11-dimensional theory in the effective
action [BJ]. In particular, we can easily check that the SL(2,R) transformation can be
rewritten as (cf. appendix [B)

_ ctdr 50 B0 )
T = Jijg = |a + bT|]IJ, (B{LQI) =A ol ) Dmnp8 = Dmnp8 , etc.,

’ (2)
a+br I Bry
(4.57)
where 7 = [ + ie”¥ is the moduli fields of a 2-torus and I,J = 1,---,8.13 Notice that

this transformation is, in fact, corresponds to the type IIB superstring SL(2,R) duality.
For example, we can see that when a = d = 0,b = —c = —1 and | = 0, the SL(2,R)
transformation is reduced to the strong-weak duality ¢ = —¢, or e — 1/e? in the type
1IB superstring theory, which will be seen in the followings.

Next, we shall examine the type IIB string duality. Let us consider two 2-tori of (L1, L2)
and (L1, Ly) whose metrics are Gy, and G, respectively (see ([-1)). Then, following the
procedure in the previous subsection, we shall obtain the matrix regularized action of the
standard form of the super Yang-Mills action (4.34) in each case. We regard that those
two are to be related by a SL(2,R) transformation ([.55)—([£56). Then, once we consider
the reduction to type IIB superstring with each 2-torus, we shall put Ry = Ry = Rp and
Ry = Ry = Rp as in eq. (B:1) and hence we find that the string couplings are related by

Gy = Li _ |Gyl |G|
Loy v/ det éuv Vdet Guy

Furthermore, since both Ry and R; correspond to £1; (cf. footnote [[]), the oscillation parts
of the matrices (A, and ¢™) in the action are related by the SL(2,R) transformation as

L
= |a + br|? = |a+bT|2L—; = la+0br]>g. (4.58)

131n this section, we put the spacetime metric in a block diagonal form eq. (@) to obtain the standard
form of Yang-Mills action eqs. (f£.34) and () through the matrix regularization of wrapped membrane.
Then, eq. () leads to B,(i% = Br(fg = 0 in type IIB superstring variables (cf. appendix E) However, if we
do not stick to the standard form of Yang-Mills action and carry out the matrix regularization by keeping the
off-diagonal block non-zero, we shall see that two-dimensional general coordinate transformation GC(2,R)

leads to the third equation of ) with non-zero B,(i; and Bff;, in general.
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Kzt — Kox? Kyt — Koy? , o
exp % 1z - o } o oxp [% 1Y o 2y ] (5 = (A1), 2)
|: ) (dK1 + CKQ)xl — (bK1 + aKg)xz (4 59)
=exp|— - , .
N YR

where 3z = o/ (21 RR) and XZENR = a/(2nRRg). In eq. (E59) Rp = Rp has been used and
hence 21 = 22 = f]R = 531 = 22. We may rewrite ({1.59) as the transformation of K;’s,

K, — K; = dK, + cK>, (4.60)
Ky — RQ =bKq1 +aKy. (461)

Since we expect K; € Z, we shall put restrictions on the parameters,
a,b,e,d € Z — A € SL(2,7) (4.62)

Egs. (E.60)-(E61) can be rewritten as the transformation of (p,q,, s)

(pag)—(pq)=(p q)<d _ab):(p q) A7, (4.63)
(rs)— (7 35)=(rs)A . (4.64)

This means that the matrices E(p)(Aflx) can be written by =z (), where we have added
the suffices in order to distinguish the parameters (p,q,r,s) in the matrices (cf. (f7)-
({3)). Here, we should make a comment on the double dimensional reduction. From
egs. (B.14)-(B.19), (E24)(E27) and (|.7) () we shall see that the conditions of the
double dimensional reduction which corresponds to eqgs. (B.20)—(B.21]) are given by (putting
Ry =R»)

pAi(z) + qA2(z) =0, (g01 — pda)®(z) =0, (4.65)

where ® stands for all the matrices and background fields. Similarly, in the SL(2,R)-
transformed frame the double dimensional reduction should be done by (with R; = Ry)

pAL(z) + §A2(2) =0, (§D — pd2)P(x) = 0. (4.66)

As was mentioned before, if we choose a SL(2, R)-matrix

A= (0 _1) € SL(2,R), (4.67)
10
eq. ([£58) becomes
9= go=IT1" 9 = Cgp + g, ', (4.68)
and eq. (1.63) leads to
(pg)—= (P q)=(-qp). (4.69)
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This indicates that in type IIB superstring the system of a (p,q)-string with the string
coupling g is dual to that of a (—gq, p)-string with g;l +12g,. This can be seen through the
terms Lp(z) = 2Dg¢™ (D1¢" Apmng + D2¢™ Apps) in Sy (E43). In the SL(2, R)-transformed
frame, Lp is given by

Lp(x) = 2Dg¢™(z)(D10™ () Apno (x) + Dad™ () Ay

= 2D0(5m { (Dl(gn Dg(gn )A;ql Aﬁq (4mn9§

= Lopegm { ((301 — 792)" 0) <p
= 2 g (50n — 702)8" (BY), + ). (4.70)

One comment is in order: For a constant GL(2,R) matrix M = (M’]) in eq. ({£.54), the

maps corresponding to eqs. (.5§) and (f.63) are given by

~ |MY + MYy 7]
R i S 4.71
9 — b detnd| % (4.71)
(pa)—(pq)=(pq) M". (4.72)

Finally in this subsection, we refer to two specific transformations, which are not the
elements in the SL(2,R) subgroup. First we examine the X®-reflection

10
M = (O 1) €7y CO(2). (4.73)
Then the corresponding type IIB superstring duality is given by
T=-T, Jmn = Jmn s J8m = —Jsm, Jss = Jss,
BW BW ~
<B{ij) ) = (_éé) > Dmnp8 = DmnpS . (474)
1J 1J

In this case the type IIB string coupling is invariant and (p, ¢)-string is mapped to (p, —¢q)-

string under the duality. Note that Dg;,y, is invariant under the reflection of X 8 since we

have respected the symmetry of the membrane theory. (See the discussion in ref. [B1].)
Similarly, we consider the 8-9 flip

01
M:<10>€Z2CO(2). (4.75)
Then the type IIB superstring duality is given by
.1 - - .
T=c, Jmn = T dmn s Jsm = —=I7|38m, Jss = |7]ss,
BW B®@ ~
( ~{L2])> = ( {i]) 5 DmnpS = DmnpS . (4.76)
BIJ BIJ
This implies the (p, g)-string < (g, p)-string and (in [ = 0 case) the strong-weak g, < g; |

duality.
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5. Summary and discussion

In this paper we have studied matrix regularization of the wrapped supermembrane com-
pactified on a 2-torus. We have adopted the lightcone wrapped supermembrane compact-
ified on T2 in the curved background and the wrapping is characterized by two mutually
prime integers (p,q). We have followed the matrix regularization procedure [ and also
applied the double dimensional reduction technique [l]] properly to the matrix-regularized
action as was done in the continuous case [I(J]. We have succeeded in deducing explic-
itly the bosonic sector of the matrix regularized (p, ¢)-string action in eq. (B.39) directly
from the wrapped membrane. A BPS saturated classical solution of the (p,q)-string ac-
tion (B.39) is valid irrespective of the value of the string coupling g, however the valid
region to treat the (p, ¢)-string perturbatively is still obscure and is deserved to be investi-
gated.'* We have also deduced the (241)-dimensional super Yang-Mills theory in a curved
background and then we have seen that it really has the symmetries which are related to
string duality [B3, .

In this paper we have considered only classically the limit of vanishing volume of the
2-torus with the wrapped supermembrane and it is, of course, important to investigate
it quantum mechanically. In fact, quantum mechanical justification of the double dimen-
sional reduction was studied in refs. [[[d, BJ]. In those references, the Kaluza-Klein modes
associated with the p-coordinate were not removed classically, but they were integrated in
the path integral formulation of the wrapped supermembrane theory. However, it is still in
the beginnings of the quantum mechanical study, and it deserves to be investigated further
with the results in this paper.

A. Notation
The target-space indices;

M,N,P,QQ =1,2,---,7,8,9, (A1)
uv,w =12,---,7vy,z, (A.2)
I,J=12---,7,8, (A.3)
m,n,p,q=1,2,--- 7, (A.4)
(A.5)

u,v = 8§,9.

The worldvolume, worldsheet and spacesheet indices;

a,f=0,1,2, (A.6)
a,b=0,1, (A.7)
ij=1,2. (A.8)

Of course the (1,0)-string (F-string) is an effective mode in a weak coupling region g, < 1, while the
(0,1)-string (D-string) in a strong coupling region g, > 1 for [ = 0.
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The target-space metrics;

Gyyv = Target-space transverse metric

GUV = Rotated target-space transverse metric .

(Anti-)symmetrization r.w.t. indices;

A[ By] =

. (AuB, — A,B,)

1

2
1

A[MB,/Cp] = g(A“B,,Cp + AVBpCﬂ + ApBﬂC,,

-A,B,C, —A,B,C, — A,B,C,),

1
A[ﬂBMCp] = E(AuBpr - ApB,,C“) ,
1

A{NBV} = 5 (AMBV + AVBM) , etc.

B. Background fields

(A.9)
(A.10)

(A.11)

(A.12)
(A.13)

(A.14)

From the KK relation between 11-dimensional supergravity and type IIA supergravity, the

transverse metric Gpsny can be written by

Gun = e 39 <9U + e ArA, 62¢A1>

2% A e2¢
_ T 917 + g5 G19G o Gro
G Gy

T= 9mn + Ge; GmoGny 5= 9ms + G; GmoGsg Gmo

o= 9sn + G Gs9Gny 5= 0ss + oy GoGiso

Gno Gigg

and the third-rank antisymmetric tensor Ay;nyp is decomposed as

AMNP - (Amnpa Amn97 AmnSa Am89)
= (Cmnpa an, CmnS, Bm8) .
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Those fields are related to those of I1IB as,

1) (1
J8s8 ’
BW
gem = 2, (B.4)
Jss8
1
gss = —, (B.5)
J88
op® )
Cromg = B,(ﬁ% + ~8[m’nj8 , (B.6)
J8s8
(@) pG)
3 i y 3 B Brjsiips
Cmnp = ngnp + 5 € ]Bé[zn Br(sz)] + 5 € ]4]88 - ) (B7)
oM )
J8s8
By = 221 (B.9)
J88
A = —BE) +1BYY (B.10)
Ag =1, (B.11)
1
¢=¢—5lnjss. (B.12)

The modular field of a 2-torus is defined by 7 =1+ ie~¥ and can be rewritten as

o Ggg + i/ V2

) B.13
Gon (B.13)
where VT2 = G99G88 — (G89)2.
On the other hand, the 8-9 rotated metric is given by (U,V =1,---,7,y, 2)
~ oxXM gxN
Gov = Cun HxT oxv
\/;é: gmn + észan ézz gmy + élzz szGyz sz
1 - 1L A A 1 - 1L A A 5
= | Vo Gm T asCubn ZemOw T g Crlu: Cu | (B1Y
an GZ/Z GZZ

When we choose an SO(2) rotation as in eq. (B.15) the background metric on a 2-torus
is given by

G. = ¢* Gss + 2pG Gsg + p* Gog (B.15)
Gyy = p* Gss — 204 Gsg + ¢° Gog (B.16)
Gy> = PG Gss + (p* — ¢*) Gsg — Hd Gog . (B.17)
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The background metric on the 2-torus is rewritten by the fields of type IIB superstring

theory,
Ggg = €4¢/3]g82/3 s (B.18)
Gso = /3231 (B.19)
Ges = Y3900 (12 4 e7%9), (B.20)
G,. = 49"/3 / { P+l + e 22 } (B.21)
Gy. = /% 2/3 {(ol - )(ql +p) + pge >}, (B.22)
Gy = 64¢/3J§82/3 {(g—p)* +p’e %} . (B.23)
Note that
éZZ A
=V + 32+ e 2. (B.24)
Gog
Furthermore,
. 1 1 ~ =
Gmy = —G Gmy + g GGy . (B.25)
and hence the 9-dimensional metric is also rewritten by
_ U (a4 A A A p B + G BY)
Imy = —F7—=—— GmyGoz — GGy ) = — . (B26)
VG, < ! ! ) 988/ (P + G1)% + e~ 22
Furthermore, we shall calculate gy, §yy as follows. The equation,
. 1 1 ~ -
ny = —,—é Gyy + G—Gyszz ) (B27)
leads to
iy = — (G Gs = G2C2) = ! (B.28)
Gyy ézz yyLzz yzCyz P \/(ﬁ n (jl)z n 6*290@2 . .
Similarly
1 1 -~ =
Gmn = gmn + ~—szan 5 (B29)
\ Gzz Gzz
leads to
- 1 ~ = =
. B() -2 AB() B()
=V + )2+ e 22 _ Jsmdsn (DB + 4 81")21’ 8+ 4 25 )
ss8 {(p+ 4l)* + e729¢%}
. BP9 gpa)
= /(H+ G1)% + e242 < — Jomdtn o 8’”] gn_ ). (B.30)
88

— 24 —



References

E. Witten, String theory dynamics in various dimensions, Nucl. Phys. B 443 (1995) 8§

P.K. Townsend, The eleven-dimensional supermembrane revisited, |Phys. Lett. B 350 (1995)

E. Bergshoeff, E. Sezgin and P.K. Townsend, Supermembranes and eleven-dimensional

M.J. Duff, P.S. Howe, T. Inami and K.S. Stelle, Superstrings in D = 10 from

M. Dine, P.Y. Huet and N. Seiberg, Large and small radius in string theory,

J. Dai, R.G. Leigh and J. Polchinski, New connections between string theories,

P.S. Aspinwall, Some relationships between dualities in string theory, |Nucl. Phys. 46 (Proc]

J.H. Schwarz, An SL(2,7Z) multiplet of type IIB superstrings, |Phys. Lett. B 360 (1995) 13
[Erratum ibid. B 364 (1995) 252] [hep-th/9508143]; Superstring dualities, [Nucl. Phys. 49

(Proc. Suppl.) (1996) 183 [hep-th/9509148||; The power of M-theory, |Phys. Lett. B 367

E. Witten, Bound states of strings and p-branes, [Nucl. Phys. B 460 (1996) 33§

H. Okagawa, S. Uehara and S. Yamada, (p, q)-string in the wrapped supermembrane on
2-torus: a classical analysis of the bosonic sector, |Phys. Lett. B 639 (2006) 101

B. de Wit, M. Liischer and H. Nicolai, The supermembrane is unstable, [Nucl. Phys. B 320

J. Hoppe, Quantum theory of a relativistic membrane, M.I.T. Ph.D. thesis, (1982).

B. de Wit, J. Hoppe and H. Nicolai, On the quantum mechanics of supermembranes,

T. Banks, W. Fischler, S.H. Shenker and L. Susskind, M-theory as a matriz model: a

L. Motl, Proposals on nonperturbative superstring interactions, hep—th/9701025.

T. Banks and N. Seiberg, Strings from matrices, [Nucl. Phys. B 497 (1997) 41|

R. Dijkgraaf, E.P. Verlinde and H.L. Verlinde, Matriz string theory, |[Nucl. Phys. B 500

1]
lhep-th/9503124].
2]
184 [hep-th/9501069].
3]
supergravity, [Phys. Lett. B 189 (1987) 7§.
[4]
supermembranes in D = 11, [Phys. Lett. B 191 (1987) 70.
[5]
322 (1989) 301].
(6]
Lett. A 4 (1989) 2073
[7]
Suppl.) (1996) 30| [hep-th/9508154].
8]
(1996) 97 [hep-th/951008¢].
[9]
[hep-th/951013§).
[10]
[hep-th/0603203].
[11]
(1989) 134.
[12]
[13]
Phys. B 305 (1988) 54§.
[14]
conjecture, |Phys. Rev. D 55 (1997) 5119 [hep-th/9610043].
[15]
[16]
lhep-th/9702187.
[17]
(1997) 43 [hep-th/970303(].
[18]

LW. Taylor, D-brane field theory on compact spaces, |Phys. Lett. B 394 (1997) 283
[hep-th/9611047].

,25,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB443%2C85
http://arxiv.org/abs/hep-th/9503124
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB350%2C184
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB350%2C184
http://arxiv.org/abs/hep-th/9501068
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB189%2C75
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB191%2C70
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB322%2C301
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB322%2C301
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA4%2C2073
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA4%2C2073
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHZ%2C46%2C30
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHZ%2C46%2C30
http://arxiv.org/abs/hep-th/9508154
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB360%2C13
http://arxiv.org/abs/hep-th/9508143
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHZ%2C49%2C183
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHZ%2C49%2C183
http://arxiv.org/abs/hep-th/9509148
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB367%2C97
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB367%2C97
http://arxiv.org/abs/hep-th/9510086
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB460%2C335
http://arxiv.org/abs/hep-th/9510135
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB639%2C101
http://arxiv.org/abs/hep-th/0603203
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB320%2C135
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB320%2C135
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB305%2C545
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB305%2C545
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD55%2C5112
http://arxiv.org/abs/hep-th/9610043
http://arxiv.org/abs/hep-th/9701025
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB497%2C41
http://arxiv.org/abs/hep-th/9702187
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB500%2C43
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB500%2C43
http://arxiv.org/abs/hep-th/9703030
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB394%2C283
http://arxiv.org/abs/hep-th/9611042

[19]

Y. Sekino and T. Yoneya, From supermembrane to matriz string, [Nucl. Phys. B 619 (2001)

29 [hep-th/0108174];

[20]

[21]

[22]

T. Yoneya, From wrapped supermembrane to m(atriz) theory, hep-th/0210243.

M. Cederwall, Open and winding membranes, affine matriz theory and matrix string theory,
VHEP 12 (2002) 00§ [hep-th/0210159.

S. Uehara and S. Yamada, Wrapped membranes, matriz string theory and an infinite
dimensional Lie algebra, |JHEP 07 (2004) 043 [hep-th/0402013).

S. Uehara and S. Yamada, From supermembrane to super Yang-Mills theory,

696 (2004) 3¢ [hep-th/0405037].

23]

[24]

S. Uehara and S. Yamada, Comments on the global constraints in light-cone string and
membrane theories, JHEP 12 (2002) 041 [hep-th/0212049].

D.B. Fairlie, P. Fletcher and C.K. Zachos, Trigonometric structure constants for new infinite
algebras, [Phys. Lett. B 218 (1989) 204;
D.B. Fairlie and C.K. Zachos, Infinite dimensional algebras, sine brackets and SU(00),

Lett. B 224 (1989) 101

[25]

[26]

0.J. Ganor, S. Ramgoolam and I.W. Taylor, Branes, fluzes and duality in m(atriz)-theory,
[Nucl. Phys. B 492 (1997) 191 [hep-th/9611202).

W. Fischler, E. Halyo, A. Rajaraman and L. Susskind, The incredible shrinking torus,

Phys. B 501 (1997) 409 [hep-th/9703107].

[27]

28]

[29]

[30]

[31]

32]

[33]

B. de Wit, K. Peeters and J.C. Plefka, Supermembranes and supermatriz models,
lhep-th/9712089.

B. de Wit, K. Peeters and J. Plefka, Superspace geometry for supermembrane backgrounds,
[Nucl. Phys. B 532 (1998) 99 [hep-th/9803209.

A. Connes, M.R. Douglas and A.S. Schwarz, Noncommutative geometry and matriz theory:
compactification on tori, JHEP 02 (1998) 003 [hep-th/9711169).

E. Bergshoeff, C.M. Hull and T. Ortin, Duality in the type-II superstring effective action,
[Nucl. Phys. B 451 (1995) 547 [hep-th/9504081].

P. Meessen and T. Ortin, An SL(2,Z) multiplet of nine-dimensional type-II supergravity
theories, [Nucl. Phys. B 541 (1999) 199 [hep-th/980612(].

C.M. Hull and P.K. Townsend, Unity of superstring dualities, |[Nucl. Phys. B 438 (1995) 109
[hep-th/9410167.

S. Uehara and S. Yamada, On the strong coupling region in quantum matriz string theory,
JHEP 09 (2002) 019 [hep-th/0207209; On the quantum matriz string, hep—th/0210261].

,26,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB619%2C22
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB619%2C22
http://arxiv.org/abs/hep-th/0108176
http://arxiv.org/abs/hep-th/0210243
http://jhep.sissa.it/stdsearch?paper=12%282002%29005
http://arxiv.org/abs/hep-th/0210152
http://jhep.sissa.it/stdsearch?paper=07%282004%29043
http://arxiv.org/abs/hep-th/0402012
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB696%2C36
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB696%2C36
http://arxiv.org/abs/hep-th/0405037
http://jhep.sissa.it/stdsearch?paper=12%282002%29041
http://arxiv.org/abs/hep-th/0212048
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB218%2C203
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB224%2C101
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB224%2C101
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB492%2C191
http://arxiv.org/abs/hep-th/9611202
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB501%2C409
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB501%2C409
http://arxiv.org/abs/hep-th/9703102
http://arxiv.org/abs/hep-th/9712082
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB532%2C99
http://arxiv.org/abs/hep-th/9803209
http://jhep.sissa.it/stdsearch?paper=02%281998%29003
http://arxiv.org/abs/hep-th/9711162
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB451%2C547
http://arxiv.org/abs/hep-th/9504081
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB541%2C195
http://arxiv.org/abs/hep-th/9806120
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB438%2C109
http://arxiv.org/abs/hep-th/9410167
http://jhep.sissa.it/stdsearch?paper=09%282002%29019
http://arxiv.org/abs/hep-th/0207209
http://arxiv.org/abs/hep-th/0210261

